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Introduction
The notion of Auslander-Reiten triangles in a triangulated category was introduced by Happel in [5] . It has been studied in [5, 6, [8] [9] [10] among others. Auslander-Reiten triangles form a class of special triangles that have the same applications as Auslander-Reiten sequences in the module category of an Artin algebra. Auslander-Reiten sequences were introduced in seventies in the last century by Auslander and Reiten [2] .
In contrast to module categories over Artin algebras, not all triangulated categories (especially derived categories of finite dimensional algebras) have Auslander-Reiten triangles [6] . It was proved in [6] that the derived category of a finite dimensional algebra has Auslander-Reiten triangles if and only if the global dimension of the algebra is finite. Recently Reiten and Van den Bergh [10] proved that the existence of Auslander-Reiten triangles is equivalent to the existence of Serre duality in a triangulated category. In the present paper, we single out a class of triangulated categories satisfying a finite condition. These triangulated categories have Auslander-Reiten triangles. A triangulated category A is said to be of finite type provided X∈Obj A dim k Hom A (X, Y ) < ∞ and X∈Obj A dim k Hom A (Y, X) < ∞ for any object Y in A. One aim of this paper is to study the relations of the Grothendieck groups of triangulated categories of finite type by using Auslander-Reiten triangles. We prove that the relations of the Grothendieck group of a triangulated category of finite type are generated by all Auslander-Reiten triangles. Another aim is to study the Auslander-Reiten quivers of triangulated categories of finite type. For a triangulated category of finite type without loops in its Auslander-Reiten quiver, the Auslander-Reiten quiver is described in terms of Dynkin diagrams. Furthermore, for some special triangulated categories, we prove there is no loop in their Auslander-Reiten quivers. We conjecture it is also true for arbitrary triangulated categories with Auslander-Reiten triangles.
We note that for an Artin algebra of finite type, Butler [4] proved that the relations of its Grothendieck group are generated by all Auslander-Reiten sequences. Soon later Auslander added the observation that the converse is true in [3] . We also note that there is no loop in the Auslander-Reiten quiver of Artin algebras [1] . This paper is organized as follows: In Section 1, some notions which will be needed in the paper are recalled and triangulated categories of finite type are defined. Some properties of triangulated categories of finite type are given. In Section 2, the relations of the Grothendieck group of a triangulated category of finite type are proved to be generated by all Auslander-Reiten triangles. In Section 3, the conjecture that there is no loop in the Auslander-Reiten quiver of a trangulated category is posed and a partial result on it is given. The AuslanderReiten quivers of some triangulated categories are described in terms of Dynkin diagrams.
Auslander-Reiten triangles
We fix some notation and recall some definitions which will be used throughout the paper. Let k be an algebraically closed field. A category A is said to be a Krull-Schmidt category over k provided it is an additive category such that Hom A (X, Y ) is a finite dimensional k-vector space for each pair X, Y of objects in A, and that the endomorphism rings of indecomposable objects in A are local rings. It is well known that any object in a Krull-Schmidt category A can be written as a direct sum of indecomposable objects. The subcategory of A consisting of indecomposable objects is denoted by ind A. The composition of two maps f : M → N , and g : N → L in A is denoted by fg. For any pair X, Y in A, the radical of Hom A (X, Y ), which is denoted by rad(X, Y ), is the subspace consisting of morphisms f such that uf v is not a isomorphism for any section (i.e., a map with a right inverse) u : M → X and for any retraction (i.e., a map with a left inverse) v : Y → N with M, N indecomposable objects (compare [6, 11] ). A morphism f ∈ rad(X, Y ) is called an irreducible map provided for any factorization f = f 1 f 2 , either f 1 is a section or f 2 is a retraction [6, 11] . Throughout the paper, any category is assumed a Krull-Schmidt category.
For X ∈ ind A, denote by SuppHom(X, −) the subcategory of A generated by objects Y in ind A with Hom A (X, Y ) = 0. Similarly, SuppHom(−, X) denotes the subcategory generated by objects Y in ind A with Hom A (Y, X) = 0. If SuppHom(X, −) (SuppHom(−, X), respectively) contains only finitely many indecomposables, we say |SuppHom(X, −)| < ∞ (|SuppHom(−, X)| < ∞, respectively). For a triangulated category, let T denote the translation functor. We refer to [6] for the definition of triangulated categories. From the definition, one has that the derived categories of representation-finite finite dimensional hereditary algebras and the stable module categories over finite dimensional self-injective algebras of finite type are examples of triangulated categories of finite type.
The following proposition says that the two finite conditions involved in the definition of triangulated categories of finite type can be replaced by one of them.
Proposition 1.1. A triangulated category A is of finite type if and only if
Proof. The necessity follows from the definition. We prove the sufficiency. Let Y be an indecomposable object in SuppHom(−, X) with Y X. There is a nonzero non-invertible map f ∈ Hom A (Y, X). Assume that f is embedded in the following triangle:
We decompose Z = n 1 Z i as a direct sum of indecomposable objects. Then the maps g and h can be written as Let A be a triangulated category and F the free abelian group generated by representatives of the isomorphism classes of objects in A. We denote by [X] such a representative. Let F 0 be the subgroup of F generated by elements of the forms:
Definition 1.3. The Grothendieck group, which is denoted by K 0 (A), of a triangulated category is the factor group F/F 0 of F by F 0 (compare [6] ).
For any X ∈ A, we still denote by [X] the element in K 0 (A) corresponding to X. Remark 1.1. There are examples in [13] which show that the Grothendieck group K 0 (A) of a non-zero triangulated category may be zero.
The analogue of an Auslander-Reiten sequence for a triangulated category was introduced by Happel (cf. [6] ). [6] . Sometimes, X is denoted by τ Z, and Z is denoted by τ −1 X, where τ is the Auslander-Reiten translation.
We say that a triangulated category A has Auslander-Reiten triangles if for any indecomposable object Z ∈ Obj A, there exist an AR-triangle ending at Z : X → Y → Z → T X, and an AR-triangle starting at Z :
In this case, A is also called a triangulated category with Auslander-Reiten triangles.
The next lemma and proposition concern the elementary properties of triangulated categories of finite type. They are easy to prove, but are needed in Sections 2 and 3. We present them here for the completeness.
Lemma 1.2. Let A be a triangulated category of finite type. Then for any object
Proof. Otherwise, we have an infinite chain, denoted by ( * ), of non-zero morphisms between indecomposable objects
with f n · · · f 2 f 1 = 0, for any n. By the condition Y ∈Obj A dim k Hom(Y, X) < ∞, one has that there are finitely many indecomposable objects M j , j = 1, 2, . . ., n , in A such that Hom A (M j , X) = 0, for any j . Therefore there exists an object M t (denoted by M, for simplicity), such that M appears infinitely many times in the chain ( * ). It follows that there exists an infinite chain of non-zero maps 
Relations for Grothendieck groups
We recall some basics on the Grothendieck groups of triangulated categories from [6, 11] . Let F be the free abelian group generated by representatives of the isomorphism classes of objects in A and K 0 (A, 0) the factor groups of F by the subgroup generated by the elements of the form Now we state the main theorem in this section.
Theorem 2.1. Let A be a triangulated category of finite type. Then Ker φ is generated by the elements [δ] in K 0 (A, 0), where δ : A → B → C → T A runs through all Auslander-Reiten triangles in A.
To prove it, we need some lemmas.
Lemma 2.2. Suppose there is a commutative diagram whose rows are triangles in a triangulated category A:
Proof. We assume that the morphism v 1 w is embedded into the triangle
Since we have a commutative diagram whose rows and columns are triangles:
This means that the triangle
The next lemma was proved in [9] , we present different and simple proof here.
Lemma 2.3. Let
X (f 1 ,f 2 ) − −− → Y 1 Y 2 (g 1 ,g 2 ) t − −−→ Z → T X be a triangle. If f 1 = 0
, then it is isomorphic to the following triangle:
where g 11 :
Proof. We assume that f 2 is embedded into the triangle
and the isomorphism g 11 is embedded into the triangle
The direct sum of the two triangles above is again a triangle (compare [6] ), i.e.
, and then the triangle
is isomorphic to the triangle ( * ). The proof is finished. ✷ Now we are ready to prove the theorem.
Proof of Theorem 2.1.
→ T X be an arbitrary triangle with w = 0 and Z ∈ ind A. It suffices to prove that the element [δ] in K 0 (A, 0) can be written as a sum of the elements in K 0 (A, 0) corresponding to some AR-triangles. Suppose w ∈ rad n (Z, T X), and δ * : Z 1
is an AR-triangle ending at Z. Since g is not a retraction, we have the commutative diagram:
By Lemma 2.2, one has a new triangle δ
Without loss of generality, we assume k = 2. Let Y 1 denote Y Z 1 . Then the triangle δ 1 can be written as
If f 1 is a retraction, then the triangle δ 1 is isomorphic to the following triangle:
It follows that g 1 = 0. By Lemma 2.3, we have that the triangle δ 1 is isomorphic to the triangle:
Hence w 2 ∈ rad n+1 (−, T X) and
, where δ 2 is the following triangle:
In addition, if f 2 is also a retraction, i.e. w 2 = 0, then [δ] = [δ * ], we have proved the assertion. Now we return to the triangle δ 1 and assume that f 1 and f 2 are not retractions in the following. Assume that the AR-triangles ending at M 1 , M 2 are respectively δ * 1 , δ * 2 :
We form the direct sum of them:
It follows from definition of AR-triangles that there is morphism h : Y 1 → N 1 N 2 such that the following is a commutative diagram:
Hence, by Lemma 2.2 again, one has a triangle
We continue this process that we have done for δ 1 . By Lemma 1.2, one knows that this process must stop at a finite steps, i.e., up to some finite step, we can get a splitting triangle. Then there are finitely many AR-triangles
The proof is finished. ✷
Auslander-Reiten quivers
The Auslander-Reiten quivers of Derived categories of some finite dimensional algebras are displayed in [6] . In this section, we will give a description of Auslander-Reiten quivers of some triangulated categories of finite type.
We recall the notion of the Auslander-Reiten quiver Γ A of a triangulated category from [6] . Let A be a triangulated category with Auslander-Reiten triangles. The Auslander-Reiten quiver Γ A of it is a valued stable translation quiver, its vertices are the isomorphism classes 
with X (respectively Y ) is not the direct summand of M (respectively N ).
An arrow in a valued translation quiver Γ A with the same starting and ending vertex is called a loop. It is well known that the Auslander-Reiten quiver Γ A of an Artin algebra A contains no loops. We conjecture it also true for a triangulated category with Auslander-Reiten sequences, i.e. the Auslander-Reiten quiver Γ A of a triangulated category A contains no loops. We prove the conjecture in a special case in the following. Proof. Suppose there is a loop at X in Γ A . Then we have the following ARtriangle starting at X :
to the AR-triangle above. This gives a long exact sequence, which implies the following equality:
where
. After a direct calculation, the equality above becomes the equality:
Therefore S 2 = 0 which is a contradiction. Then we have that X ∼ = τ −1 X and the AR-triangle starting at X is
It follows that u = tv, for some t ∈ k and w is not a retraction. For any Y ∈ ind A with Y X, if there exists a non-zero morphism f ∈ Hom(X, Y ), then there exists a morphism g : X → Y such that f = ug, where g is not a section. Also for g, there is a morphism g 1 ∈ Hom(X, Y ) such that g = ug 1 . It follows that f = ug = u(ug 1 ) = t −1 ((uv)g 1 ) = 0. It is a contradiction. Therefore Hom(X, Y ) = 0. Similarly we have that Hom(Y, X) = 0. The conectness of A makes ind A = {X}, contradicting to the condition on the number of | ind A|. This proves that M = 0. If M contains X as a direct summand, then by applying Hom(X, −) to the AR-triangle starting at X as above, one can also get a contradiction as above. Therefore the AR-triangle starting X : X → X M → X → T X has properties that M = 0 and M does not contain X as a direct summand. By applying Hom(X, −) to this AR-triangle, one gets the inequality
It follows from the condition dim k End(X) 2 that dim k Hom(X, M) dim k Hom(X, X) − 1 1. By applying Hom(−, M) to the AR-triangle starting at X, one gets another inequality Proof. The proof for this lemma is similar to the case of algebras (compare [1] ), we present it for completeness. We use induction on n. For n = 2 it is easy to see the lemma is true. For the inductive step assume the claim holds for n 2, we want to prove that the claim holds for n + 1. Letf = f 1 · · · f n , and assume 
It follows that l(X) + l(Z) > l(Y ).
The proof is finished. ✷ Now we prove that main theorem in this section, which gives a connection between Dynkin diagrams and the Auslander-Reiten quivers of some triangulated categories of finite type. Proof. By proposition 3.4, we have a subadditive function l on Γ A . It follows from [7] that Γ A ∼ = Z∆/G and ∆ is a Dynkin diagram or A ∞ . Since A is of finite type, ∆ is a Dynkin diagram. The proof is finished. ✷
